The shear stress and the normal stresses in the thickness direction at interfaces (referred as interfacial shear and transverse normal stresses hereafter) have played a significant role in understanding the premature debonding failure of beams strengthened by bonding steel/composite plates at their tension surfaces. Due to the occurrence of dissimilar materials and the abrupt change of the cross section, the stress distribution at plate ends becomes singular and hence is considerably complicated. Extensive experimental and analytical analyses have been undertaken to investigate this problem. Large discrepancies have been found from various studies, particularly from experimental results due to the well-acknowledged difficulty in measuring interfacial stresses. Numerical analyses, e.g.
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Abstract
The shear stress and the normal stresses in the thickness direction at interfaces (referred as interfacial shear and transverse normal stresses hereafter) have played a significant role in understanding the premature debonding failure of beams strengthened by bonding steel/composite plates at their tension surfaces. Due to the occurrence of dissimilar materials and the abrupt change of the cross section, the stress distribution at plate ends becomes singular and hence is considerably complicated. Extensive experimental and analytical analyses have been undertaken to investigate this problem. Large discrepancies have been found from various studies, particularly from experimental results due to the well-acknowledged difficulty in measuring interfacial stresses. Numerical analyses, e.g.
2-D or 3-D finite element analysis (FEA)
, may predict accurate results, but they demand laborious work on meshing and sensitivity analysis. Analytical solutions, in particular those in a closed form, are more desirable by engineering practitioners, as they can be readily incorporated into design equations. This paper reports an improved closed-form solution to interfacial stresses in plated beams using a two-stage approach. In this solution, beams and bonded plates can be further divided into a number of sub-layers to facilitate the inclusion of steel bars or multiple laminae. Thermal effects may also be considered by using equivalent mechanical loads, i.e. equivalent axial loads and end moments. Numerical examples are presented to show interfacial stresses in concrete or 2 cast iron beams bonded with steel or FRP plates under mechanical and/or thermal loads.
The effect of including the steel reinforcement with various ratios in the RC beam on the interfacial stresses is also investigated. Compared with previously published analytical results, this one improves the accuracy of predicting the transverse normal stresses in both adhesive-beam and plate-adhesive interfaces and the solution is in a closed form.
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R intermediate parameter defined in Equation 15c
R ' constant defined in Equation A3. The j-the sub-layer in the i-th layer (i =1 for the plate, i =3 for the beam)
Introduction
Reinforced concrete (RC) beams or metallic beams can be strengthened by bonding steel or composite plates/sheets to tension surfaces [1, 2] . Numerous studies have shown that this method improves their structural behaviours efficiently [3, 4] . However, a key problem arising in this application is the premature debonding failure, i.e. bonded plates separate from original beams and hence strengthened systems lose their integrity. The load at which the debonding failure occurs is much lower than the ultimate load resulting from the full composite action and hence usually becomes the governing design load for strengthened beams. As has been well acknowledged, the debonding failure is closely related to the high interfacial stresses near plate ends. Hence, a reliable prediction of interfacial stresses is prerequisite. Due to the occurrence of dissimilar materials and the abrupt change of the cross section, stresses at plate ends become singular and the prediction is considerably complicated. Extensive experimental [5] [6] [7] and analytical analyses [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] have been undertaken to investigate interfacial stresses for plated beams.
Smith and Teng [8] and Mukhopadhyaya and Swamy [23] have compared various analytical solutions available. A more thorough and recent review has been done by Yang   1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 5 [24] , in which published experimental, numerical and analytical investigations have been reviewed. Large discrepancies have been found from various studies, particularly from experimental results due to the well-acknowledged difficulty in measuring interfacial stresses. Numerical analyses, e.g. 2-D and 3-D finite element analysis (FEA), may predict more rigorous results than analytical methods because less simplified assumptions are adopted in the modelling process, but they demand tedious work on meshing and convergence analysis. Analytical solutions, particularly, of the closed form, are desirable in engineering practice. Most analytical work is based on the assumption that shear and transverse normal stresses are uniform across the thickness of the adhesive layer [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
The obtained solutions also violate the traction-free boundary condition at ends of the adhesive layer. Shen et al. [20] proposed a closed-form high-order solution for the strengthened beam subjected to uniformly distributed load (UDL), where the adhesive layer was treated as a 2-D medium. Yang et al. [21] extended it to arbitrary loading conditions. The predicted shear stresses from these solutions agreed well with FEA results except for transverse normal stresses. None of the above closed-form solutions have taken into account the effect of steel reinforcements in RC beams, and the application of high-order solutions were only limited to rectangular solid cross sections.
This paper reports an improved closed-form solution to interfacial stresses in plated beams using a two-stage approach. Unlike FEA method, this solution can avoid the cumbersome work of meshing and convergence analysis. Hence it can be particularly useful in performing extensive parametric analysis. As an explicit solution, the result can be obtained without computer coding requirement. A spreadsheet package such as MS Excel will be sufficient. Compared with other analytical solutions, one of the major improvements of this solution is that it can accurately predict the transverse normal stresses in both adhesive-beam (AB) and plate-adhesive (PA) interfaces. Stress solutions satisfy the traction-free boundary condition. By introducing the concept of sublayers, this solution can also be utilised for beams and bonded plates with generic cross sections and multilayer materials. Although the solutions are derived for mechanical loads, thermal effects can also be included by employing the equivalent mechanical loads. Maple, have to be used to avoid numeric overflow problems. These problems do not exist in the present solution.
Method of solutions
Structural idealization of the strengthened beam
We consider a simply supported beam subjected to a uniformly distributed load (UDL) q, superscripts (e.g. the thicknesses of three layers are denoted by h [1] , h [2] and h [3] respectively). Similarly, superscripts
,
, (2) and (3) are used to denote the surfaces and interfaces (e.g. the interfacial transverse normal stresses are denoted by layer, e.g. the double superscripts [3, i] denotes the i-th sub-layer of the beam.
The rationale and the description of the method
Previous studies on RC beams, e.g. Shen et al. [20] and Yang et al. [21] , revealed that the shear stresses at AB and PA interfaces are very close to each other. This observation is adopted in the present method, i.e. a uniform shear stress distribution is assumed over the thickness of the adhesive layer. In fact, this assumption implies that the adhesive layer does not carry any longitudinal normal stress, which is rational due to the fact that the Young's modulus of the adhesive layer is much lower than those of adherends. FEA modelling, e.g., Yang [24] and Teng et al. [25] , have shown a significant variation in transverse normal stress across the adhesive thickness. It changes from the tension at the AB interface to the compression at the PA interface near plate ends. One of the objectives of this solution is to capture this variation.
In the present study, interfacial stresses are derived in two stages. In both stages, Fourier series are used to represent stresses and the principle of the complementary energy is
applied. An explicit form of the infinite sum of Fourier series can be derived to represent stresses, thus leading to a closed-form solution. In the first stage, distributions of the shear and the normal stresses along the middle section of the adhesive layer are assumed and the relationship between these two is introduced based on the assumption of the composite action, therefore reducing the number of the unknown coefficients. However, in this stage, the resulting transverse normal stress can not achieve satisfactory accuracy due to this imposed relationship. To improve this, in the second stage, this imposed constraint is relaxed. Other stress components are represented in terms of the obtained 8 interfacial shear stress and applied loads. In both stages, equilibrium conditions will be satisfied a priori and the compatibility condition of stress components will be satisfied by implementing the principle of the complementary energy.
In developing the formulation, the following assumptions are adopted:
(a) Each individual sub-layer is elastic, homogeneous, although the major layers may be heterogeneous, e.g. bonded laminates and RC beams containing reinforcement. 
Equilibrium equations
In the beam (i =3) and the plate (i = 1), equilibriums of the axial force and the bending moment lead to the following equations : The force boundary conditions at the ends of the plate are y denote the longitudinal, shear and transverse normal stresses respectively; and y [2] is the local transverse coordinate for the adhesive layer.
Stage I: shear stress in the adhesive layer
The shear stress in the adhesive layer 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 11 cross section that has been transformed to the material of the 1 st sub-layer. y [i] is the local transverse coordinate. The substitution of Equations 8a and 8b into Equation 9 leads to
The shear and transverse normal stress are assumed to be zero in the beam and the plate as it is believed that the interfacial stresses are mainly caused by the mismatch of axial stresses in these two adherends.
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Note that c 2 is obtained by replacing 1 with 2 in c 1 .
Stage II: transverse normal stress in the adhesive layer
In this section, we only retain the shear stress derived in Section 2.4. Substituting
Equations 16 and 5b into Equation 4, we obtain:
Following the same procedure as described in Stage I, the axial stresses in the plate and the beam will be updated as follows: 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 
and following the same procedure as described in Stage I, we obtain: 
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Numerical examples
The first example is an RC beam bonded with a steel plate subjected to a UDL q = 15N/mm (see Figure 3) . The beam, having 2.4m span and a rectangular section of 150mm thickness and 100mm width, was initially analyzed by Roberts and Haji-Kazemi [9] . The bonded plate is 1800mm long and 4mm thick and has the same width as the 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64 [8, [20] [21] [22] [23] [24] [25] . It is revisited here to verify the present solution. Like other solutions, the effect of steel reinforcing bars is ignored and hence only one layer is considered for both the RC beam and the steel plate. For comparison purpose, this example is also analyzed using FE method by the general purpose FEA package ABAQUS [26] . Figure 4 shows the mesh pattern of the analysis where converged results were obtained. Both results are presented in Figure 5 .
The comparison of the transverse normal stress indicates that both methods predict a tensile stress at the AB interface and a compressive one at the PA interface. The peak values at both interfaces predicted by the present solution are lower than those from the FEA. Because of the stress singularity at the plate end, the peak value, in theory, should approach infinity. Unless a singular solution is introduced, no elastic approaches including FEA can yield an infinite peak value. However, the singularity only affect very small zone, i.e. the close vicinity of the plate end. It can be seen from Figure 5 that both results show satisfactory coincidence except for the zone very close to the plate end. A single shear stress distribution is predicted by the present solution, and as Figure (5b) shows, its peak value is slightly lower than those from the FEA method at both interfaces and the MA section.
The second verification example is taken from Shen et al. [20] . An RC beam is bonded with a CFRP plate and subjected to UDL with q = 15N/mm. Geometrical and material properties of the strengthened beam are: L = 1500mm, l = 1200mm, h [1] = h [2] = 2mm, h [3] As Figure 6 (a) shows, Shen et al.'s solution predicted a monotonically increased normal stress in both AB and PA interfaces. However, the stress at the PA interface should reach 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   18 its peak value at a location near, but not at the free end as revealed in the FEA analysis [24, 25] . The present solution has shown the same trend as FEA does. In Figure   ( 6b), both solutions predict almost identical shear stresses. Shen et al's results suggested that there was little difference in the interfacial shear stresses between AB and PA interfaces [20] . This observation forms the basis of the assumption adopted in deriving the present solution that the shear stress is constant over thickness.
The third example is a cast iron (CI) beam strengthened with CFRP and subject to a uniform temperature rise of 30 o C. The beam was originally analyzed by Stratford and Cadei [13] . The cross section and its dimension are given in Figure 7 .
The whole beam spans 6m and the bonded part is 4m long. The thickness of the adhesive is 2mm and that of the CFRP plate is 11mm. The adhesive and the CFRP share the same width as that of the bottom flange of the CI beam. The material properties are: 3  ,  3  0   2  3 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65   19 In this example, the beam is divided into three sub-layers, the bottom flange, the web and the top flange. They have different width and thickness but share the same material property. Figure 8 
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Figures 10(a) and (b) present, respectively, the transverse normal and shear stresses in these three cases. It can be seen that with higher reinforcement ratio, the peak values for all stresses are reduced. It is interesting to find that the reduction of peak values in percentage for 0.8% reinforcement ratio is 10% and for 1.6% reinforcement ratio is 17% in all studied stresses. 
Conclusions
In this paper, an improved closed-form interfacial stress formulation is developed for 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 21 obtained without considering the steel reinforcement are over-estimated, and increasing the reinforcement ratio will reduce the peak value of interfacial stresses.
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Appendix I. Derivation of the coefficient as defined in Equation (6) Fig. A1.1 The longitudinal stress over the composite cross section of the bonded beam using CLBT
The longitudinal stress over the composite cross section, x can be obtained by the classical laminate beam theory (CLBT) [27] (see Figure A1 .1) as
where z M is the internal bending moment on the cross section, y is the vertical coordinate from the neutral axis; I 0 is the second moment of area of the entire crosssection transformed to the material of the first sub-layer of the plate, i.e. 
The j-th subinterface in the bonded plate
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In equation (A1.2) h 0 is the distance from the neutral axis to the lower surface of the transferred cross-section, i.e.
where A 0 is the transformed cross sectional area
The stress resultants due to x in the bonded plate with respect to its own neutral axis are
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